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Abstract

This paper investigates the problem of scheduling jobs on multiple speed-
scaled processors without migration, i.e., we have constant « > 1 such that
running a processor at speed s results in energy consumption s per time
unit. We consider the general case where each job has a monotonously in-
creasing cost function that penalizes delay. This includes the so far consid-
ered cases of deadlines and flow time. For any type of delay cost functions,
we obtain the following results: Any (-approximation algorithm for a single
processor yields a randomized (B,-approximation algorithm for multiple
processors without migration, where B, is the ath Bell number, that is, the
number of partitions of a set of size a. Analogously, we show that any (-
competitive online algorithm for a single processor yields a §B,-competitive
online algorithm for multiple processors without migration. Finally, we
show that any gB-approximation algorithm for multiple processors with mi-
gration yields a deterministic 3B,-approximation algorithm for multiple
processors without migration. These facts improve several approximation
ratios and lead to new results. For instance, we obtain the first constant
factor online and offline approximation algorithm for multiple processors

without migration for arbitrary release times, deadlines, and job sizes.

*Corresponding author: nonner@informatik.uni-freiburg.de, supported by DFG research pro-
gram No 1103 Embedded Microsystems



1 Introduction

Saving energy is a major concern in today’s information technology, which more
and more consists of mobile battery-powered devices. One way to deal with this
problem is to embed speed-scaled processors that adjust their speed dynamically
according to the current need. This is of great advantage, since for most CMOS
based systems it has been observed that the energy consumption grows propor-
tional to the cube of the processor speed s [10]. We consider the more general case
that there is a constant o > 1 such that running a processor at speed s results
in energy consumption s* (typically, & = 2 or a« = 3 [10]). More specifically, this
paper investigates energy minimization for a set J := {1,...,n} of jobs, whereas
each job j € J has a release time r; € Rt and a size p; € R*. A job volume
of ds is processed by a processor running at speed s for ¢ time units, resulting in
energy consumption ds*. Hence, the slower a processor runs, the fewer energy is
consumed. Preemption is allowed, i.e., a job may be interrupted at any time, and
then resumed at the point of preemption with no penalty. Let s : RT — R* be
the function that describes the speed of the processor over time with respect to
some schedule o. We conclude that the total energy/power consumption/cost of

o is then

energy(o) := /000 s(t)” dt.

To penalize delay, each job j has a monotonously increasing delay cost function
h; : RT — R*. Specifically, if j is completed at time ¢; > r; in schedule o, then

its delay is ¢; — r;, and hence, the delay cost of o is
delay(o) := Z hi(c; —rj).
j=1

The objective is then to minimize the combined cost of o, that is,
cost(o) := energy(o) + delay(o).

We denote this problem with SS. The cost structure described above includes
the two so far considered cases of deadlines and flow time. More specifically, we
can model deadlines by setting the delay cost to infinity after some time, and
we can model flow time with linear delay cost functions, that is, h;(z) = x, for
each job 7. Speed-scaled scheduling was originally introduces by Yao, Demers,
and Shenker [23] with deadlines. On the other hand, flow time was introduced to
speed-scaled scheduling by Albers and Fujiwara [2]. For a survey on algorithmic

problems in power management, we refer to [17].



Current trends lead towards multiprocessor architectures on a single chip, giving
rise to the question of balancing work among processors. While the single pro-
cessor case has received a considerable amount of attention [23, 2, 7, 9, 5, 12, 8,
20, 22, 13, 6, 18], much less is known about the multiprocessor case. Therefore,
this paper investigates the problem of scheduling jobs on m identical speed-scaled
processors without migration (SSM), i.e., each job needs to be assigned to a single
processor. This contrasts to the case with migration which allows that a job is
processed by different processors, whereas a job must never be processed by two
processors in parallel. As mentioned in [19], finding algorithms with constant ap-
proximation guarantees is easy for a constant number of processors, since we can
then simply schedule all jobs on a single processor with known single processor
algorithms. Hence, the main difficulty stems from the fact that the number of
processors m is unbounded.

1.1 Previous work for a single processor (SS)

In this subsection, we describe the best known algorithms for SS in detail, since

we use them as a building block to construct multiprocessor algorithms.

In the deadline case, each job j additionally has a deadline d; > r; until when it
needs to be completed. Let then J[t,t'] :== {j | t <r; < d; <t'} be the jobs which
need to be processed in some time interval [¢,#']. Yao, Demers, and Shenker [23]
presented the following surprisingly simple polynomial time algorithm for SS with
deadlines:

YDS(J)

1. While J # {:
(a) Let [t,t'] be the interval with maximum density, i.e., that maximizes
ZjeJ[t,t’] Dj
t—t

(b) Process the jobs J[t, '] with speed equal to this maximum density.
(c) Remove the jobs J[t,t'] from J, and then adjust the remaining jobs

J as if the time interval [t,¢'] does not exist, i.e., for each job j € J,
if r; > t, then set r; « max{t,r; — (¢’ —¢)}, and if d; > ¢, then set
dj — max{t, dj — (t, — t)}

2. Return the resulting schedule.




The optimality of YDS relies on the convexity of the objective function. On the
other hand, every online algorithm must satify the following scheme: At each time
t, select two parameters with respect to the currently known jobs, (1) the current
speed of the processor and (2) the currently processed job. Yao et al. [23] showed
that the strategy of scheduling each uncompleted job j with speed equal to its
density p;/(d; —r;) is 2 'a®-competitive. This algorithm is denoted AVR, short
for average rate. Since we can round-robin process all uncompleted jobs, AVR
satisfies the scheme for online algorithms given above. Moreover, they proposed to
schedule all uncompleted jobs optimally at each time in order to select the speed
and currently processed job according to this schedule. This algorithm is denoted
OA, short for optimal available. Bansal, Kimbrel, and Pruhs [7] showed that OA
is a®-competitive. They also presented the following algorithm with improved
competitive ratio 2(;%7)e®, which is asymptotically optimal for large a [7]:

BKP(J)

At each time ¢, schedule the uncompleted job j with earliest deadline d; at speed

) icJlet—(e—1)¢! #/]:r;<t Pj
max =4 let—(e—1)t/ t']:r; < .
>t t—t

On the other hand, it is often more reasonable to penalize delay instead of having
fixed deadlines, which can be done by adding the flow time >;(c; — r;) to the
objective function, where ¢; is the completion time of job j in some schedule o.
Note that this model can be modified to fractional flow time [6], or extended
to weighted flow time [9], where we have a weight w; for each job j and add
>_jw;j(c; — ;) to the objective function. However, we only review results for the

classical flow time case in what follows.

For the special case of unit size jobs (p; = 1, for each job j), Albers and Fuji-
wara [2] presented a polynomial time algorithm for SS with flow time. They also
proposed the natural algorithm to set the speed such that the power consumption
is proportional to the number of uncompleted jobs. This matches the observation
of Pruhs, Uthaisombut, and Woeginger [22] that in any locally-optimal schedule
for flow time, each job j is run at a power proportional to the number of jobs
that would be delayed if j would be delayed. However, Albers and Fujiwara only
showed that a batched variant of this natural algorithm has competitive ratio
8.36(%)04. On the other hand, Bansal, Pruhs, and Stein [9] showed that this
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algorithm is indeed 4-competitive. All these results are for unit size jobs. The first

constant competitive algorithm for arbitrary size jobs was also presented in [9].

The competitive ratio of this algorithm is O<1o§—22a)- This was improved to O(g;27)
by Lam et al.[18], and recently to O(1) by Bansal, Chan, and Pruhs [6] with the
following algorithm, whereas they considered a more general model with arbitrary

power functions:

BCP(J)

At each time t, schedule the uncompleted job with minimum remaining processing
volume at speed s such that the power consumption s* equals the number of

currently uncompleted jobs plus one.

Bansal, Chan, and Pruhs [6] showed that this algorithm is (3 + €)-competitive.
However, very recently, Andrew, Wierman, and Tang [4] improved the competitive
analysis of this algorithm by showing that it is even (2 + €)-competitive.

Moreover, Chan et al. [13] gave a O(a?)-competitive algorithm for SS with flow
time and nonclairvoyant jobs, that is, the sizes of the jobs are not known when
they arrive. Finally, it is worth mentioning that there are also many interesting
results for SS with bounded speed processors [12, 5, 19, 20], that is, we have some

constant T" that bounds the speed of each processor.

1.2 Previous work for multiple processors (SSM)

In contrast to SS, the problem SSM with deadlines is clearly strongly NP-hard,
since it contains 3-Partition as a special case. Specifically, given a 3-Partition
instance with weights wq, ws, ..., w,, we simply represent each weight by a job j
with p; = w;, r; = 0, and d; = 1. Consequently, if the weights wy,ws, ..., w,
can be partitioned into three sets of equal weight, then an optimal multiprocessor
schedule for m = 3 processors will assign the jobs to the processors according
to these sets. Albers, Miiller, and Schmelzer [3] showed that SSM with dead-
lines is strongly NP-hard, even for unit size jobs. A common scheme to design
multiprocessor algorithms is to first define some dispatching strategy that assigns
jobs to processors, and then schedule the assigned jobs separately on each pro-
cessor with some single processor algorithm. Albers et al. [3] presented an a®21-
approximation algorithm using this scheme. Specifically, this algorithm clusters
the jobs according to their densities, and then dispatches the jobs round-robin

to the processors independently for each cluster. The optimal algorithm YDS is



then applied separately to each processor.

The problem SSM was first discussed by Bunde [11] for unit size jobs. However,
Lam et al. [20] presented the first constant competitive online algorithm for ar-
bitrary job sizes. Specifically, the competitive ratio is 27, times the competitive
ratio of the single processor algorithm in [9], where n. := (1 + €)*((1 + ¢)*~ ! +
(1=1/a)(2+ €)/e?) for an arbitrary € > 0. As in [3], the jobs are first clustered,
and then round-robin dispatched to the processors independently for each cluster
in order to apply the single processor algorithm in [9]. However, the jobs are

clustered according to their sizes instead of their densities.

1.3 The Bell and Stirling numbers

Let B, denote the ath Bell number [16], that is, the number of partitions of a set

of size a. The Bell numbers have the well-known asymptotic behavior

1
Ba ~ ﬁ [)\<Oé>]a+1/2e>\(a)fa71’

where A(«) = a/W («) and W is the Lambert W function [21]. Hence, B, < a“.
For instance, the first seven Bell numbers starting with By are 1,2,5,15,52,203,877.
Moreover, Dobinski’s formula [15] gives the surprising closed form
B> g
Y e il

=0

Analogously, the jth Stirling number for « elements, S(«,j), is the number of

partitions of a set of size a into j subsets. Therefore, we obtain the equation
>~ S(a.j) = Ba. (2)
j=1

It is a well-known recurrence relation of the Stirling numbers of the second kind
that, for each 1 < j < a,

S(aaj):jS(a_17])+S(a_17]_1) (3)

This recurrence relation can be easily verified. For non-integer-valued a > 1, we
define Ba = B[(ﬂ.



1.4 Contributions

For technical reasons, we assume in the following that m > «. However, since
a is a small constant and the number of processors m part of the input, this
covers all relevant cases. Our main result is about turning single processor al-
gorithms into multiprocessor algorithms. Specifically, we show in Section 2 that
any [-approximation algorithm for SS yields a randomized (B,-approximation
algorithm for SSM, whereas the running time stays the same. Analogously, any
(-competitive online algorithm for SS yields a randomized (8 B,-competitive online
algorithm for SSM. To obtain this result, we simply assign the jobs uniformly at
random to the processors, apply the single processor algorithm for SS separately
to each processor, and then use a ball-into-bins interpretation of this process for
the analysis. A similar strategy was used in the previous multiprocessor algo-
rithms [20, 3|, but they both used a deterministic round-robin strategy to dis-
patch the jobs. Assigning jobs uniformly at random to processors is a natural job
dispatching strategy, and has for instance been used by Chekuri et al. [14] to ob-
tain a constant competitive online algorithm for non-speed-scaled multiprocessor
scheduling with weighted flow time and speed augmentation. Using the method
of conditional expectations, we even obtain a derandomized version in Section 3.
Specifically, we show that any g-approximation algorithm for SSM with migration
yields a (deterministic) 5B,-approximation algorithm for SSM, whereas we need
to add O(n®**) to the running time. We obtain this result by deterministically

removing migration in a multiprocessor schedule.

An interesting fact is that these results hold for any type of delay cost functions
such as deadlines and flow time, but also weighted flow time [9] and many other
reasonable delay cost functions not yet considered in literature. Moreover, they
hold analogously for unit size jobs such that an improved algorithm for SS with
unit size jobs also yields an improved algorithm for SSM with unit size jobs.
Finally, it is worth mentioning that these results also hold for nonclairvoyant
jobs, but not for the bounded speed model. The following list only summarizes
the most important implications, but it can be straightforward extended to special

cases and generalizations:

e Algorithm YDS [23] yields a randomized B,-approximation algorithm for
SSM with deadlines, which gives the first constant factor approximation
algorithm for arbitrary release times, deadlines, and job sizes. Moreover,
this significantly improves the approximation guarantee for unit size jobs
from [3] (e.g. for @ = 2 and o = 3, we improve 1024 and 110592 to 2
and 5, respectively). Finally, since there is a nontrivial extension of YDS
that solves SSM with deadlines and migration in polynomial time [1], the
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derandomization result given above implies that there is even a deterministic

B,-approximation algorithm for SSM with deadlines.

o Algorithm BKP [7] yields a randomized 2(;%7)%e®B,-competitive online
algorithm for SSM with deadlines, which also gives the first constant com-

petitive online algorithm for arbitrary release times, deadlines, and job sizes.

e Algorithm BCP [6] yields a randomized online algorithm for SSM with flow
time with competitive ratio (2 + €)B,. Note that even if we combine the
round-robin approach of Lam et al. [20] with the improved single processor
algorithm in [6], our randomized approach is still significantly better for
small o (e.g. we improve the competitive ratio by the factor 27./B,, which
is &~ 7.63 and ~ 6.63 for & = 2 and a = 3, respectively). However, their
approach is deterministic.

Example. Before starting with the formal analysis, we consider a simple exam-
ple that shows why assigning the jobs uniformly at random works. Assume that
we are in the deadline case and that we have m unit size jobs with equal release
times 0 and deadlines 1. Clearly, an optimal schedule ¢* assigns each of the m
jobs to one of the m processors. In this case, since each processor needs to run
at speed 1 during time interval [0, 1] to process one unit size job, the total energy
consumption of all processors is m as well. On the other hand, if we assign the
jobs uniformly at random to the processors, then it might happen that multiple
jobs are assigned to a single processor. However, in this case, we can increase the
speed of this processor in order to complete all these jobs during time interval
[0, 1], yielding a random schedule ¢’. Specifically, the speed s is then exactly the
number of assigned jobs, which results in energy consumption s®. We illustrate
this in Figure 1. The question is how the resulting expected total power consump-
tion relates to the optimal energy consumption m? We show in this paper that
it is at most B,m, and we extend this to the general case of arbitrary job sizes,

release times, and delay cost functions.

2 Turning single processor algorithms into mul-

tiprocessor algorithms

In this section, we prove the following theorem:

Theorem 1. Any [-approximation algorithm for SS yields a randomized approz-
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(a) example in- (b) schedule o* (c) schedule o’
stance

Figure 1: Subfigure (a) visualized an instance with three processors, which are
horizontally ordered, and three unit size jobs with release times 0 and deadlines 1.
The interval at each processor is [0, 1]. No jobs are scheduled in this subfigure yet,
but observe that Subfigure (b) depicts an optimal schedule o* for this instance.
Finally, Subfigure (c) depicts an example schedule ¢’ for the case that we assign
the jobs randomly to the processors. In this schedule, two jobs unfortunately have
been assigned to processor 2, and hence we need to double the speed in order to
sequentially process these jobs.

imation algorithm for SSM with approximation ratio

- m!
S, j)————
7=1
whereas the asymptotic running time stays the same, and this analogously holds
for online algorithms.

Combining Theorem 1 with Equation (2) shows that the approximation ratio of
the claimed algorithm for SSM converges to B, from below as m — oo. But if
m is small, then the approximation ratio is even much better than the ath Bell

number. For instance, the approximation ratio is 33/2 for « = m = 2.

To prove Theorem 1, we will show in this section how to turn an algorithm for SS,
say A, into an algorithm for SSM, denoted A’. Formally, algorithm A’ is defined

as follows:



A(J,m, A)

1. Generate a random job assignment A : J — {1,...,m} by assigning the
jobs J uniformly at random to the processors, and let J4 := {j | A(j) = r}
be the jobs assigned by A to processor r.

2. For each processor r = 1,...,m, use the single processor algorithm A to

schedule the jobs J# on processor 7.

3. Return the resulting multiprocessor schedule o

Note that this conversion works for online algorithms as well. Hence, the following

lemma, which immediately implies Theorem 1, applies to the online case as well:

Lemma 2. If A is a B-approximation algorithm for SS, then A’ is a randomized

approzimation algorithm for SSM with approximation ratio

o !
83 S(a, )
j=1

mi(m — )

The goal of the remainder of this section is to prove Lemma 2. To this end, we
will first show in Subsection 2.1 how to transform schedules using a given job
assignment. We apply this in Subsection 2.2 to finally analyse algorithm A’.

2.1 Transforming schedules using job assignments

Consider a multiprocessor schedule o and a job assignment A : J — {1,...,m}.
We can combine o and A to a multiprocessor schedule o4 as follows: Let tg =0 <
ty < ... <t be asequence of times such that J[0,t,] = J and, for each 1 < < g,
every processor processes at most one job during time interval [¢;_1,¢;) in o, and
if a job is processed, then this job is not completed before ¢;. Recall here that
J[0,t) = {710 <r; <dj <t,}. Therefore, by the convexity of the objective
function, we may assume that each processor uses a single speed in each of these
time intervals. For each 1 <1 < ¢ and each job j € J, let s;; be the processing
speed of job j in time interval [t;_1,¢;). If a job j is not processed during this time
interval by some processor, then define s;; := 0. Hence, there are at most m jobs
J with s;; # 0. We conclude that

q

energy(o) = Z(tz —ti-1) Z Sij-

i=1 jeJ
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Note that we do not require that ¢ is polynomially bounded. Now, for each
1 <r<mand1 <i < q, weset the speed of processor r during time interval

E Sigs

jeJi

[tifl, tl) in A to

where JA := {j | A(j) = r} are the jobs assigned by A to processor 7. This speed
ensures that processor 7 can sequentially process the jobs J4 during time interval
[ti_1,1;) such that, for each such job j € J, the volume (t; — ¢;_1)s;; of its total
size p; is processed. This already yields the final schedule o4 with

a
q m

energy(c) = Z(t@ —ti1) Z Z Sij

i=1 r=1 \jeJA

We are especially interested in 0 4 for the random job assignment A from algorithm

A’. Before analyzing this schedule, we need some additional definitions.

Let R} := {z € R" | > 0}. We say that a vector x € R is constant if z; = x;,
for each pair 1 < i < j < n. Let S, be the m-dimensional Euclidean sphere with
unit radius, and let St := {z € S,, | x > 0} be the positive part of this sphere,
which is compact in the topological sense, i.e., since we consider R™ for a fixed
m, it is bounded and closed. Let P, := P(J) be the set of all subsets of jobs, and
abbreviate P = P, for the special case n = m. For a subset I € P,,, let

¢n(T) :=Pr[J} =T

be the probability that exactly the jobs I' are assigned to some processor r (note
that all processors are identical), and abbreviate ¢(I") = ¢,,(I") for the special case
n = m. It clearly holds that

0= (2)"0-3) -

Using this, define the function @, : R7\{0} — R as

m Y rep, Pn(l) (X jer 25)”
o, (x) = — .
Zj:lxj
We abbreviate here the constant vector (0,...,0) with 0, and we remove this

vector from the domain of ® to avoid division by zero. Analogously, abbreviate
® = P, for the special case n = m. Observe that ® is scaling-invariant, i.e.,
P(Az) = A®(z), for any A > 0 and « € R}\{0}. We illustrate this in Figure 2.

The function ® is motivated by the following lemma:
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Figure 2: By the scaling-invariance of the function ®, the dashed lines represent
some contour lines of ® for m = 2, where the thickened dashed line moreover
represents the constant vectors, and the curved line represents the positive part
of the Euclidean sphere in two dimension Sy .

Lemma 3. Let A the job assignment from algorithm A’ that assigns the jobs
uniformly at random to the processors. Then, for any schedule o, we have

delay(o4) < delay(o) and E [energy(o4)] < max ®(x)energy (o).

Proof. We clearly have that delay(c4) < delay(o), since a job can only be com-
pleted earlier in o4 than in o, and we consider monotonously increasing delay cost
functions. Thus, we only have to show that E [energy(c4)] < max, ®(x)energy (o).
To this end, for each 1 <i<gand 1 <r <m, let

energy,. (04) == (t; — ti_1) Z Sij

jeJi
be the energy cost of processor r in time interval [t;_1,¢;) in schedule o4, and let

m

energy,;(ca) := Z energy,, (04)

r=1

be the energy cost of all processors in this time interval. Analogously, observe
that
energy;(0) := (t; — ti-1) Z Sij- (4)
j€J
is the energy cost of all processors in this time interval in schedule o. Consider
now a fixed 1 < i < ¢. Since all jobs are uniformly assigned at random to the
processors in A, all random variables energy,.(04), 1 < r < m, have the same

expected value, which is

E [energy,, (04)] = (t; = ti1) Y ¢n(T) (Z Sij) :

reprn jer
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By linearity of expectation, this yields that

E [energy,(c4)] = ZE [energy;,.(04)] = m(t; —t;—1) Z ¢n(I) (Z Sij) ’

r=1 reP, jer

which implies with Equation (4) that E [energy,(c4)] /energy, (o) = ®,(s), where s
is an n-dimensional vector that contains the speeds s;;, 7 € J, in an arbitrary order
(assume w.l.o.g. that s # 0). Let now s’ be an arbitrary m-dimensional subvector
of s that contains all non-zero speeds, but possibly also some zeros. Such a vector
exists, since it follows from the definition of the sequence ¢y < t; < ... < t, that
there are at most m non-zero speeds. Observe that ®(s') = ®,(s). Thus, we

obtain that
E [energy;(oa)]

energy; (o)

Using this, linearity of expectation implies that

< max ®(x).

q q
E [energy(c4)] = Z E [energy;(04)] < max ®(x) Z energy, (o)
i=1 i=1
= max ®(z)energy(o),
which completes the proof of the lemma. O

2.2 Bounding max, ®(z)

Lemma 4. For an integer-valued o, the vectors that mazimize the function ® are

the constant vectors.

Proof. First, recall that the positive part of the euclidean sphere S} is compact.
Consequently, the continuous function ® has a global maximum in S;}. Moreover,
since ® is scaling-invariant as illustrated in Figure 2, we conclude that & has
a global maximum although it holds that its domain R\ {0} is unbounded, and
hence not compact. There are two possibilities, ® takes its maximum either in the
interior of its domain, which is {x € R™ | % : z; = 0}, or at the boundary of its
domain, which is {z € R} | 3i : z; = 0}\{0}. First, assume for contradiction that
there is an = at the boundary that maximizes ® with x; = 0 for some 1 < i < m.
But it is then easy to see that ®(z) increases if we set x; to 1, which results in a

contradiction. Hence, we only have to consider the interior of the domain of ®.

For contradiction, assume now that there is a non-constant x € R which yields

an extremal value. Since ® is differentiable, it is a well-known fact that all partial
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derivatives of ® in x must be 0. Moreover, since x is non-constant, and hence, at
least two dimensions in x must differ, we can assume w.l.o.g. that z; > x5 > 1,
since we can otherwise simply scale this vector and permute the dimensions. Using
the quotient rule, we can compute the partial derivative of ® in x and dimension

o)) &) e
(o) )]

7y = ﬁ?l% > o) <Zx]> .

repr Jjer

Hence, the partial derivative (5) is 0 if and only if Z; = ®(z). Using the fact that
o(I') = ¢(I")/(m —1), for each pair of subsets IV C I' C J with |I'| = |I| + 1, and

the binomial formula, we can rewrite Z; as

Zy = :L,ocl—l > ¢ (Z%) (6)

1 rep:er jer
a—1
1 o(I)
- 2 (f” +Z%’)
1 rep:,2¢r jer
a—1
¢(I') }
‘=1 + 29+ xX;
0 (e B
. a—1—1
1 (T L a—1 ;o (1 x9)
- Loy A0 ( Z )(x1+ el (v,
1 rep:i2¢r i=0 jer
a—1 :L_Zl + (:1:117:::1:12)
- Zbi a—1 ’
i=0 !
where the coefficients by, by, ..., b,—1 > 0 are defined as
1 6(D)
(){ _
= () X m(&) ’
rep:1,2¢0 jer

for 0 < ¢ < a — 1. Moreover, we can analogously define Z, with respect to
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dimension 2, which we can also rewrite as

and it holds that Z; = ®(z) as well. Consequently, we obtain that 7; = Zs.
Finally, if 1 > x5 > 1, then, for each 0 <7 < a — 1, we have

i (331+:B2)i i (z1+x2)!
e BT S BT
a— 1 a—1

Lo 1

By combining this with Equations (6) and (7), it follows that Z; < Zs, which
contradicts Z; = Zs. OJ

Lemma 5. For an integer-valued o with o < m,

maX(IJ ZS&] )
—J

Proof. We know from Lemma 4 that if x maximizes ®, then x is constant. Hence,

using the scaling-invariance of ®, we can choose z = (1,...,1). In this case,

“om\ (1Y 1\
w0 = 206G 0-5) ®
- (5 20
B m = \i)(m—1)"
It is worth mentioning that although there is a close relation, we cannot simply
apply Dobinski’s formula (1) to upper bound (8). Instead, we inductively con-

struct a sequence of functions fo, f1,..., fa- Let fo(t) := (1 +¢)™, and, for each
1<i<a,let

dfi—1(t)
For each 1 < i < a, note there is a sequence of coefficients ¢(i, 1), ¢(3, 2), . . ., ¢(i, 1)

which are independent of ¢ such that we can write
: |

fi(t) = ZC(Z’J)%

> o, 9)

By the definition of the functions fi,..., f,, it is easy to verify that, for any

1 <7< aand 1< j<i, the recurrence relation

c(i,g)=ge(i—1,7)+c(i—1,7 = 1)
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is satisfied. In combination with the fact that c(i,1) = ¢(7,7) = 1, forany 1 <7 <
a, we conclude with the recurrence relation of the Stirling numbers of the second
kind in Equation (3) that c¢(a,i) = S(«,i), for each 1 < i < «. On the other
hand, by the binomial formula,

1=0

which yields with the definition of the function fi, fa,..., f, that

t) = zm; (T) ot

Therefore, by Equations (8) and (9),

oo = () k()
(5 > et

7=1

which proves the claim. O

Proof of Lemma 2. The correctness of algorithm A’ is obvious. Moreover, since A
is an approximation algorithm, it has polynomial running time. On the other, for
any monotonously increasing polynomial p(x) of degree at least 1, it holds that

Z (17 <p<Z|JA>—p n),

r=1

which shows that algorithm A’ inherits the asymptotic running time of algorithm
A. Hence, it remains to show that algorithm A’ has the claimed approximation
ratio. To this end, consider the multiprocessor schedule ¢’ computed by algorithm
A’, the random job assignment A from algorithm A’, and an optimal multipro-
cessor schedule o* with cost(c*) = OPT. Note that ¢’ and o7 process the same
set of jobs JA on each processor r, where ¢% is defined in Subsection 2.1. Let
then cost,(¢) and cost,.(c%) be the cost of processor r in ¢’ and o7, respectively,
i.e., the energy cost of this processor plus the sum of delay costs of the jobs JA.
Consequently, since the single processor F-approximation algorithm A is applied
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separately to each processor in A’, we have that
E [cost,. (o) | A] < BE [cost,. (o) | A].
It follows that

E [cost.(0")] = E[E][cost,.(d') | A]] < BE[E [cost,.(c}) | A]l
= [E[cost,.(0})].

Therefore, using linearity of expectation, we have that

E[cost(o')] = Y Efcost, ()] < B> Rlcost,(07)] = BE [cost(c)]

< [max ®(z)OPT,

whereas the second line is due to Lemma 3. The claim of the lemma follows by

combining this with Lemma 5. U

We only considered integer-valued a < m so far. However, for any = in the
domain of @, it is easy to see that ®(z) increases monotonously for increasing o.
Therefore, since we define B, := By, for arbitrary o > 0, all arguments in this
subsection hold for any a > 1 with @ < m as well.

3 Removing migration in multiprocessor sched-

ules

In this section, we prove the following theorem:

Theorem 6. Any (-approximation algorithm for SSM with migration yields a
(deterministic) [Bg-approximation algorithm for SSM, whereas we need to add
O(n®™) to the running time.

As for Theorem 1, we prove Theorem 6 by converting an algorithm A into an
algorithm A’ for SSM, but in this section, A is an algorithm for SSM with migra-
tion. To this end, we show how to remove migration in a multiprocessor schedule
by derandomizing the transformation presented in Subsection 2.1. Note that this
transformation works as well if the input schedule ¢ is a multiprocessor schedule
with migration, and Lemma 3 holds analogously. However, in this case, the final
schedule 04 will be a multiprocessor schedule without migration, which we exploit
in the following.
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In Subsection 2.1, we did not require that the used value ¢ is polynomially
bounded. However, it clearly holds for a multiprocessor schedule o returned by
some polynomial time algorithm A that ¢ is polynomially bounded. Moreover,
assume in this section that ¢ = O(n), and hence, we can construct o4 from o and
A in polynomial time O(nm). Otherwise, the conversion of A into A" works as

well, but it is harder to bound the additional polynomial running time of A’.

We call a job assignment A partial if only a subset of the jobs J4 C J is assigned
to some processors. For such an assignment, let A be the random job assign-
ment where all remaining jobs J\J# are uniformly at random assigned to the m

processors. Using this additional definition, algorithm A’ is defined as follows:

A(J,m, A)

1. Using algorithm A, compute an optimal schedule ¢ with migration for the

jobs J on m processors.
2. Set A to the empty job assignment with J4 = 0.
3. While J4 # J:

(a) Select an arbitrary job j' € J\J4.

(b) For each processor r = 1,...,m, set A, to the extension of A which
assigns the jobs JA U {j'}, where A,(j) = A(j), for each j € J4, and
A (") =r.

(c) Compute the expected values

E [energy(oz,)] , E [energy(og,)] ;- .., E [energy(oz )],
and set A to the extension A, with minimum E [energy (o )].

4. Return the multiprocessor schedule ¢’ < o 4.

To see that the critical Step 3¢ runs in polynomial time, we need the following
lemma, which is proven in the end of this subsection:

Lemma 7. Let o be a multiprocessor schedule and A a partial job assignment.

Then, we can compute the expected value E [energy(o5)] in polynomial time O(n®2).

Theorem 6 immediately follows from the following lemma:

Lemma 8. If A is a (-approximation algorithm for SSM with migration, then A’
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is a BBgy-approzimation algorithm for SSM. Moreover, the running time of A’ is

the running time of A plus O(n®*4).

Proof. Lemma 3 and 5 imply that E [energy(o4)] < Baenergy(o) for the initial
empty partial job assignment A with J4 = (). Now consider a fixed iteration of the
loop in Step 3, and let A be the current partial job assignment. If E [energy(o4)] <

Benergy (o) before this iteration, then, since

m

E [eneray (o)) = - > B [energy(oz)].

r=1

the selection of A in Step 3c implies that still E [cost(oz)] < Baenergy(o) before
the next iteration. Moreover, we finally have after the last iteration that J4 = J,
and hence, A is then a non-partial assignment. Consequently, by the arguments
above, energy(c’) < B,energy(c). In combination with the fact delay(o’) <
delay(o) from Lemma 3, we conclude that cost(c’) < B,cost(o). This proves the
claim of the lemma, since having migration is a relaxation, and hence cost(c) <
OPT, where OPT = cost(c*) for an optimal multiprocessor schedule ¢* without
migration. To see the running time with Lemma 7, observe that we have to

compute at most n? expected values. O

Proof of Lemma 7. As defined in Subsection 2.1, consider a sequence of times
ty <t < ... <ty with respect to o, and, for each 1 < ¢ < ¢ and job j € J,
let again s;; be the processing speed of j in time interval [t;_1,t;), where s;; = 0
if j is not processed by any processor in this time interval. Moreover, for each
1 <7 <m,let again J* := {j | A(j) = r} be the jobs assigned to processor r by
A. Finally, for each 1 <i<gand 1 <r <m, let

A E
Sir = Sij

jEJA

be the random variable that describes the speed of processor r in time interval
[ti—1,t;) in the random schedule oz. Hence, by linearity of expectation, it holds
that

q m

E [energy(o7)] = > (t: —tii1) > E[(sh)]. (10)

i=1 r=1

Therefore, we need to analyze the expected value E [(sf}n)a] foreach 1 <i < g¢q
and 1 <r <m.
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Consider a fixed 1 <i<qgand 1 <r <m, and let
Pr.={T cP,|[nJ"=J4}.

be the set of all possible sets of jobs which can be assigned to processor r subject to
the constraint that the jobs J# are definitely assigned to this processor. Moreover,
let

a:=|J and b= |JA U (J\JY)]

be the minimal and maximal cardinality of a set I' € P, respectively, and for
each a < s <b, let then

Pre={l'eP, ||l =s}

be the sets in P, of cardinality s. For each I' € P]®, observe that

- ()7 (2)

is the probability that exactly the set of jobs I is assigned to processor r if all
remaining jobs J\J4 are assigned uniformly at random. Finally, for each I' € P’
let

Q) = {f e Ny

S () = a and x(f) € r},

Jj€J
where NJ denotes the functions that map the jobs J to Ny and x(f) := {j | f(j) #

0} is the support of such a function. Now assume that given some I' € Pr we
have some positive values x;, j € I'. Then it holds that

<Z:pj> = Z Bfo;-c(j), (11)

jer feQm)  jeJ

for some coeflicients By, f € Q(I'). We can think of these coefficients as general-
ized binomial coefficients. Observe that they are independent of the used subset
['. To compute such a coefficient for a function f € Q(I"), consider an arbitrary
ordering fi, fa, ..., fix(s) of the non-zero function values of f. It can be easily

verified that
Ix(H)
_ o — Zz<l fZ
Br = H ( i )
=1

al
T
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Hence, since « is constant, we can compute By in constant time.

Now we are ready to compute E [(sﬁ)“‘}. Using the definitions above and Equa-
tion (11), we obtain that

E[(sp)] = > ¢n(D) (Z 3ij>

repy jer

= Tan I

I'ePr feQ(@) jeJ

= zj J10 > e, (12)
feq(J Jed rePrx(f)Cr

Consider now a fixed f € Q(J), and let

c:=Ix(f)uU ]

be the minimal cardinality of a set I' € P; with x(f) C I'. Moreover, note that,
for each s > ¢,

rereiner=(17%).

S —cC

Using this, we can rewrite the last sum in Equation (12) as

rePy:x(f)CT s=c TePgex(f)CT

Thus, we can compute this sum in time O(logn). Moreover, since this sum only
depends on the integer value ¢ — a, we can initially compute all possible values of
such a sum in time O(n logn), and store these values in an array. Finally, it clearly
holds that |Q(J)] < n®. By combining these two facts with Equation (12), it
follows that we can compute E [(s;)*] in time O(n®). Therefore, by Equation (10)

and the assumption that m < n, we can compute E [energy(o4)] in polynomial
time O(n®™2), which proves the claim. O
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